As is well known, there exist non-locally convex spaces with trivial dual and therefore the usual duality theory is invalid for this kind of spaces. In this article, for a topological vector space X, we study the family of continuous demi-linear functionals on X, which is called the demi-linear dual space of X. To be more precise, the spaces with non-trivial demi-linear dual (for which the usual dual may be trivial) are discussed and then many results on the usual duality theory are extended for the demi-linear duality. Especially, a version of Alaoglu-Bourbaki theorem for the demilinear dual is established.
Introduction
Let Ã ∈ {Ê, } and X be a locally convex space over Ã with the dual X'. There is a beautiful duality theory for the pair (X, X') (see [[1] , Chapter 8]). However, it is possible that X' = {0} even for some Fréchet spaces such as L p (0, 1) for 0 <p < 1. Then the usual duality theory would be useless and hence every reasonable extension of X' will be interesting.
Recently, L γ ,U (X, Y) , the family of demi-linear mappings between topological vector spaces X and Y is firstly introduced in [2] . ) and U ∈ N (X) such that every x Î X, u Î U and t ∈ {t ∈ Ã :| t |≤ 1} yield r, s ∈ Ã for which |r -1| ≤ | g (t) |, |s| ≤ | g (t)| and f(x + tu) = rf(x) + sf(u).
We denote by L γ ,U (X, Y) the family of demi-linear mappings related to g C(0)
and U ∈ N (X) , and by K γ ,U (X, Y) the subfamily of L γ ,U (X, Y) satisfying the following property: if x Î X, u Î U and |t| ≤ 1, then f(x + tu) = rf(x) + sf(u) for some s with | s| ≤ | g (t)|. Let
which is called the demi-linear dual space of X. Obviously, X' ⊂ X (γ, U)
. In this article, first we discuss the spaces with non-trivial demi-linear dual, of which the usual dual may be trivial. Second we obtain a list of conclusions on the demi-linear dual pair (X, X (γ, U) ). Especially, the Alaoglu-Bourbaki theorem for the pair (X, X (γ, U) ) is established. We will see that many results in the usual duality theory of (X, X') can be extended to (X, X (γ, U)
).
Before we start, some existing conclusions about 
and Г is equicontinuous on X or, simply, equicontinuous if Г is equicontinuous at each x X. As usual, Г ⊂ Y X is said to be pointwise bounded on X if {f(x): f Г} is bounded at each x X, and f : X Y is said to be bounded if f(B) is bounded for every bounded B ⊂ X.
The following results are substantial improvements of the equicontinuity theorem and the uniform boundedness principle in linear analysis. If, in addition, X is metrizable, then the continuity of f Г can be replaced by boundedness of f Г.
2 Spaces with non-trivial demi-linear dual
For each x X, u U and |t| ≤ 1, we have
Proof. Since f ∈ L γ ,U (X, Ã), for each x X, u U and |t| ≤ 1, we have f(x + tu) = rf (x) + sf(u) where |r -1| ≤ |g(t)| and |s| ≤ |g(t)|. Then
which implies (2). Then (1) holds by letting x = 0 in (2). Theorem 2.2 Let X be a topological vector space and f : X [0, +∞) a function satisfying
Then, for every g C(0) and U ∈ N (X) , the following (I), (II), and (III) are equivalent:
(II) f(tu) ≤ |g(t)|f(u) whenever u U and |t| ≤ 1;
Then is continuous and
In the following Theorem 2.2, we want to know whether a paranorm on a topological vector space X is in K γ ,U (X, Ê) for some g and U. However, the following example shows that this is invalid. Example 2.3 Let ω be the space of all sequences with the paranorm||·||:
Then, for every g C(0) and
Otherwise, there exists g C(0) and
n , 0, · · · ) , ∀n N.
Note that the space ω in Example 2.3 has a Schauder basis. The following corollary shows that the set of nonlinear demi-linear continuous functionals on a Hausdorff topological vector space with a Schauder basis has an uncountable cardinality.
Corollary 2.4 Let X be a Hausdorff topological vector space with a Schauder basis.
Then for every γ C(0) and U ∈ N (X) , the demi-linear dual
Proof. Let {b k } be a Schauder basis of X. There is a family P of non-zero paranorms on X such that the vector topology on X is just sP, i.e., x a x in X if and only if ||x a -x||
Obviously, f c is continuous and satisfies the condition (*) in Theorem 2.2. Let g C (0), 
1 , 0, · · · ) : n ∈ AE . Define f c,n : ω ℝ with f c,n (u) = |cu n | where u = (u j ) ω. Then we have
Recall that a p-seminorm ||·|| (0 <p ≤ 1) on a vector space E is characterized by ||x|| ≥ 0, ||tx|| = |t| p ||x|| and ||x + y|| ≤ ||x|| + ||y|| for all t ∈ Ã and x, y E. If, in addi-
A topological vector space X is semiconvex if and only if there is a family {p a } of (continuous) k a -seminorms (0 <k a ≤ 1) such that the sets {x X : p a (x) < 1} form a neighborhood basis at 0, that is,
is a base of N (X) , where P is the family of all continuous p-seminorms with 0 <p ≤ 1.
A topological vector space X is locally bounded if and only if its topology is given by a p-norm (0 <p ≤ 1) ([ [5] , §15, Sec. 10]).
Clearly, locally bounded spaces and locally convex spaces are both semiconvex.
Corollary 2.7 Let X be a semiconvex Hausdorff topological vector space and p 0 a con-
Proof. Let P be the family of all continuous k a -seminorms with 0 <k a ≤ 1. Obviously, the functionals in P satisfy the condition (*) in Theorem 2.2. Moreover, for each p a P with k a ≥ k 0 , we have
and hence
For each x X, u U 0 and |t| ≤ 1,
i.e.,
where
For each x X, u U 0 and |t| ≤ 1, A conjecture is that each topological vector space has a nontrivial demi-linear dual space. However, this is invalid, even for separable Fréchet space. 
Then M(0, 1) is a separable Fréchet space with trivial dual. In fact, the demi-linear dual space of M(0, 1) is also trivial, that is, where |r i -1| ≤ |g(1)| and
for each n N and 1 ≤ k ≤ N, we have {nf k : n N, k N} ⊂ U. Then by Lemma 2.1,
holds for all n N and
Hence, |u(f)| = 0 by (4). Thus, u = 0.
3 Conclusions on the demi-linear dual pair (X, X (g,U)
)
Henceforth, X and Y are topological vector spaces over Ã, N (X) is the family of neighborhoods of 0 X, and X (g,U) is the family of continuous demi-linear functionals in L γ ,U (X, Ã) . Recall that for usual dual pair (X, X') and A ⊂ X, the polar of A, written as A°, is given by
In this article, for the demi-linear dual pair (X, X (g,U) ) and A ⊂ X, we denote the polar of A by A
• , which is given by
Similarly, for S ⊂ X (g,U) ,
. For every u U and n N,
Proof. It is similar to the proof of (3)- (6) in Example 2.9.
. If S is equicontinuous at 0 X, then, S • ∈ N (X) and sup f S,x B |f(x)| < +∞ for every bounded B ⊂ X. Proof. Assume that S is equicontinuous at 0 X. There is U ∈ N (X) such that |f(x)| < 1 for all f S and x V. Then V ⊂ S • and hence S • ∈ N (X) .
Let B ⊂ X be bounded. Since S • ∩ U ∈ N (X), we have 1 m B ⊂ S • ∩ U for some m N. Then for each f S and x B,
. Then S is equicontinuous on X if and only if S is equicontinuous at 0 X. Proof. Assume that S is equicontinuous at 0 X. There is W ∈ N (X) such that |f (ω)| < 1 for all f S and ω W.
Let x X and ε > 0. By Lemma 3.2, sup f S |f(x)| = M < +∞. Observing lim t 0 g(t)
. By Lemma 2.1, for f S and
. Then S is equicontinuous on X if and only if S • ∈ N (X) .
Proof. If S is equicontinuous, then S • ∈ N (X) by Lemma 3.2.
Assume that S • ∈ N (X) and ε > 0. Since lim t 0 g(t) = g(0) = 0, there is δ > 0 such that |g(t)| <ε whenever |t| <δ. For f S and
, S is equicontinuous at 0 X. By Lemma 3.3, S is equicontinuous on X.
The following simple fact should be helpful for further discussions. 
• and so
Corollary 3.7. If X is of second category and S ⊂ X (g,U) is pointwise bounded on X, then S • ∈ N (X) .
Proof. By Theorem 1.4, S is equicontinuous on X. Then S • ∈ N (X) by Theorem 3.4. Corollary 3.8. Let X be a semiconvex space and S ⊂ X (g,U) . Then S is equicontinuous on x if and only if there exist finitely many continuous k i -seminorm p i 's (0
In particular, for a p-seminormed space (X, ||·||) (||·|| is a p-seminorm for some p (0, 1], especially, a norm when p = 1) and S ⊂ X (g,U) , S is equicontinuous on x if and
Proof. Assume that S is equicontinuous. Then S • ∈ N (X) by Theorem 3.4. According to Definition 2.6, there exist finitely many continuous k i -seminorm p i 's (0 <k i ≤ 1, 1 ≤ i ≤ n < +∞) and ε > 0 such that
Let f S and p i (x) ≤ 1, 1 ≤ i ≤ n. Pick n 0 N for which (
which implies
Conversely, suppose that p i is a continuous k i -seminorm with 0 <k i ≤ 1 for 1 ≤ i ≤ n < +∞, and (8) holds
i.e., {x X :
equicontinuous on X and S = (1 + M)A is also equicontinuous on X.
Lemma 3.9. Let C(X, Ã) = {f ∈ Ã X : f is continuous} . For S ⊂ C(X, Ã), the following (I) and (II) are equivalent.
(I) S is equicontinuous on X.
(II) If(x a ) a I is a net in x such that x a x X, then lim a f(x a ) = f(x) uniformly for f S.
Proof. (I)⇒(II)
. Let ε > 0 and x α x in X. Since S is equicontinuous on X, there is
Since x a x, there is an index a 0 such that x a -x W for all a ≥ a 0 . Then
Thus, lim a f(x a ) = f(x) uniformly for f S.
(II)⇒(I). Suppose that (II) holds but there exists x X such that S is not equicontinuous at x.
Then there exists ε > 0 such that for every V ∈ N (X) , we can choose f v S and z v V for which
Since (N (X), ⊃) is a directed set, we have (x + z v ) V∈N (X) is a net in X. For every
This contradicts (9) established above. Therefore, (II) implies (I). We also need the following generalization of the useful lemma on interchange of limit operations due to E. H. Moore, whose proof is similar to the proof of Moore lemma ([ [6] 
X be a net in the complete topological vector space X. Suppose that:
exists, and
Then, the three limits
all exist and are equal.
We now establish the Alaoglu-Bourbaki theorem (
where X is an arbitrary non-trivial topological vector space.
Let Ã X be the family of all scalar functions on X. With the pointwise operations (f + g)(x) = f(x) + g(x) and (t f)(x) = t f(x) for x X and t ∈ Ã, we have x : Ã X → Ã is a linear space and each x X defines a linear functional x : Ã X → Ã by letting x( f) = f(x) for f ∈ Ã X . In fact, for f , g ∈ Ã X and α, β ∈ Ã,
Then, each x X produces a vector topology ωx on Ã X such that
The vector topology V {ωx : x X} is just the weak * topology in the pair (X, Ã X ),
38])
. Note that weak* is a Hausdorff locally convex topology on Ã X . Definition 3.11. A subset A ⊂ X (g,U) is said to be weak * compact in the pair (X, X (g, U) ) or, simply, weak * compact if A is compact in (Ã X , weak * ) , and A is said to be relatively weak * compact in the pair (X, X g,U ) or, simply, relatively weak* compact if in (Ã X , weak * ) the closureĀ is compact andĀ ⊂ X (γ ,U) .
For A ⊂ X (g,U) ,Ā weak * stands for the closure of A in (Ã X , weak * ) .
: |f(x)| ≤ 1, ∀x V} is weak* compact in the pair (X, X (g,U) ), and every equicontinuous S ⊂ X (g,U) is relatively weak* compact in the pair (X, X (g,U) ).
. By Corollary 3.6, V • is equicontinuous on X and, by Lemma 3.2,
• } is bounded in Ã for each x X, i.e., for each x X, x(V • ) is totally bounded in Ã and so V
• is totally bounded in (Ã X , ωx) for each x X ( [[1] , p.
84, Theorem 6] . But the weak* topology for Ã X is just V {ωx : x X} and so V
• is
By passing to a subnet if necessary, we assume that r a r and s a s in Ã. Then |r -1| = lim a |r a -1| ≤ |g(t)|, |s| = lim a |s a | ≤ |g(t)|| and
This shows that f ∈ L γ ,U (X, Ã).
by Lemma 3.10, i.e., f : X → Ã is continuous and hence f X Assume that S ⊂ X (g,U) is equicontinuous on X. By Lemma 3.2,
). Theorem 3.12 is a version of Alaoglu-Bourbaki theorem for the demi-linear dual pair (X, X (g,U) ), by which we can establish an improved Banach-Alaoglu theorem (
130] as follows. Corollary 3.13 (Banach-Alaoglu). Let X be a seminormed space and M > 0. Then
is weak* compact in the pair (X, X (g,U) ).
Proof. Since sup f S sup ||x||≤1 |f(x)| ≤ M < +∞, Corollary 3.8 shows that S is equicontinuous on X. By Theorem 3.12,S weak * ⊂ X (γ ,U) andS weak * is compact in (Ã X , weak * ) .
Let (f a ) a I be a net in S such that lim a f a (x) = f(x) at each x X. Then f X,
and
i.e., f S. Thus,S weak * = S .
Theorem 3.14. Let X be a separable space, K a weak* compact set in X (g,U) , S an equicontinuous set in X (g,U) , and
Then (S, weak*) is metrizable, and both (K, weak*) and (V • , weak*) are compact metric spaces.
Proof. Assume that {x n } ∞ n=1 is dense in X. Let
for all n. Since both f and g are continuous on X and {x n } ∞ n=1 is dense in X, f(x) = g(x) for all x X, i.e., f = g. This shows that (X (g,U) , d) is a metric space, and f k f in (X (g,
Hence, weak* is stronger than d (·, ·) and so the compact space (K, weak*) is homeomorphic to the (Hausdorff) metric space (K, d). Thus, (K, weak*) is a compact metric space.
By Theorem 3.12, in (Ã X , weak * ) the closureS weak * ⊂ X (γ ,U) , and both (S weak * , weak * ) and (V • , weak*) are compact and so they are compact metric spaces.
The following special case of Theorem 3.14 is a well-known fact ([[1], p. 143]). Corollary 3.15. Let X be a separable locally convex space with the dual X', K a weak* compact set in X', S an equicontinuous set in X', and V ∈ N (X) , V°= {f X 0 : | f(x)| ≤ 1, ∀x V}. Then (S, weak*) is metrizable, and both (K, weak*) and (V°, weak*) are compact metric spaces. Corollary 3.16. Let X be a separable space and S an equicontinuous set in X (g,U) .
Every sequence {f n } in S has a subsequence {f n k } such that lim k f n k (x) = f (x) exists at each X X and the limit function f X (g,U) , i.e., f is both continuous and demi-linear.
Proof. By Theorems 3.12 and 3.14,S weak * ⊂ X (γ ,U) and (S weak * , weak * ) is a compact metric space. Then (S weak * , weak * ) is sequentially compact. 
is pointwise bounded on X, then every sequence {f n } in S has a subsequence {f n k } such that lim k f n k (x) = f (x) exists at each x X, and f X (g,U) .
For C ≥ 1 and δ > 0, letting g(t) = Ct for t ℝ and U = (-δ,δ), we have g C(0) and
. It is easy to see that every f ∈ L γ ,U (Ê, Ê) is continuous and so Ê (C,δ) = L γ ,U (Ê, Ê). Thus, ℝ implies a nice behavior on (-∞, +∞).
Now we can improve Theorems 1.4 and 1.5 as follows. We now show that every equicontinuous S ⊂ X (g,U) has a nice behavior on any compact subset of X. Theorem 3.24. Let X be a Hausdorff topological vector space. If S is an equicontinuous subset of X (g,U) and Ω is a compact subset of X, then every {f n } ⊂ S has a subsequence {f n k } such that lim k f n k (x) = f (x) uniformly for x Ω and f : f : → Ãis continuous.
Proof. Let K = {f | Ω : f S}. Then K ⊂ C(Ω) and K is equicontinuous at each x Ω. Suppose that sup f K ||f|| ∞ = sup f K,x Ω |f(x)| = +∞. Then there exist sequences {f n } ⊂ S and {x n } ⊂ Ω such that |f n (x n )| >n, ∀n N. By Lemma 3.2, we may assume that x n ≠ x m for n ≠ m.
Since Ω is compact, {x n } ∞ n=1 has a cluster point x Ω. Since S is equicontinuous at x, there exists V ∈ N (X) such that |f(y) -f(x)| < 1 for all f S and y x + V, i.e., |f(y)| < |f(x)| + 1 for all f S and y x + V. Observing that |f n (x n )| >n for all n N and {f n } ⊂ S, there exists n 0 N such that x n ∉ x + V for all n >n 0 . Since (x + V) ∩ Ω contains some x n with x n ≠ x, it follows that ∅ = ({x n : x n = x, x n ∈ (x + V)} ∩ ) ⊆ {x n = x : n ≤ n 0 } = {y 1 , y 2 , · · · , y m }, where m ≤ n 0 . But X is Hausdorff, so Ω is also Hausdorff. Then there exists V 0 ∈ N (X) such that V 0 ⊊ V and (x + V 0 ) ∩ (Ω ∩ {y 1 , y 2 , · · ·, y m }) = ∅. Hence x n (x + V 0 ) ∩ Ω implies that x n = x.
This contradicts the fact that x is a cluster point of {x n } ∞ n=1 . Hence, sup f ∈Ã f | | ∞ < +∞ By the Arzela-Ascoli theorem, K is relatively compact in the metric space (C(Ω), ||·|| ∞ ). Hence, every {f n } ⊂ S has a subsequence {f n k } such that f n k | − f ∞ → 0, where f C(Ω), i.e., lim k f n k (x) = f (x) uniformly for x Ω. Proof. Theorem 3.22 shows that S is equicontinuous on X and, by Theorem 3.24, {f k } has a subsequence {f k i } such that lim i f k i (x) exists uniformly on D 1 . Then {f k i } ∞ i=2 has a subsequence {f k iv } such lim v f k iv (x) exists uniformly on D 2 . Proceeding inductively, the diagonal procedure yields a subsequence {g i } of {f k } such that lim i g i (x) exists uniformly
